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Abstract 

Let X be a Dirichlet character modulo q, let L(s, x) be the attached Dirichlet L- 
function, and let L\s, x) denotes its derivative with respect to the complex variable 
s. The main purpose of this paper is to give an asymptotic formula for the 2k- 
th power mean value of |LYL(1 ,x)| when x ranges a primitive Dirichlet character 
modulo q for q prime. We derive some consequences, in particular a bound for the 
number of x such that |L'/L(l,x)| is large. 
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1 Introduction and results 

Let X be a Dirichlet character modulo g, let L{s, x) be the attached Dirichlet L-function, 
and let L'{s, x) denotes its derivative with respect to the complex variable s. The values 
at 1 of Dirichlet L-series has received considerable attention, due to their algebraical or 
geometrical interpretation. Let us mention, in particular, the Birch and Swinnerton-Dyer 
conjectures, the Kolyvagin Theorem and the Gross-Stark conjecture. The BSD conjec¬ 
tures relate arithmetical problems about elliptic curves to analytic problems about the 
associated L-function. No proof of it is shown as of today (that is the million-dollar ques¬ 
tion!). These conjectures have been studied by many people and proved only in special 
cases, although there is extensive numerical evidence for their truth. The earliest results 
on the BSD conjectures are the Coates and Wiles result j7] for elliptic curves with complex 
multiplication, and the Gross-Zagier Theorem na. Related results are given in [TH], [23] 
and [3|. The very recent paper in pp shows that a positive proportion of elliptic curves 
have analytic rank 0; i.e., a positive proportion of elliptic curves have a non-vanishing 
L-function at s = 1. Applying Kolyvagin’s Theorem, it follows that a positive proportion 
of all elliptic curves satisfy the conjectures BSD. See also 01 . 121.0 and [H] for numerical 
evidence of these conjectures. A beautiful asymptotic formula of the fourth power mo¬ 
ment in the g-aspect has been obtained by Health-Brown m, for q prime. Recently, Bui 
and Heath-Brown [5] gave an asymptotic formula for the fourth power mean of Dirichlet 
L-functions averaged over primitive characters to modulus q and over t G [0,T] which is 
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particularly effective when q >T { see also [2S] and [33] )• 

Concerning the value of the derivative, Stark presented a conjecture for abelian L- 
functions with simple zeros at s = 0, expressing the value of the derivative at s = 0 in 
terms of logarithms of global units ( see a series of papers [23|, [2Z|, [2S| and [23] )■ Ex¬ 
tending the conjectures of Stark, Gross stated in 1988 a relation between the derivative 
of the p-adic L-function associated to y at its exceptional zero and the p-adic logarithm 
of a p-unit in the extension of a totally real held E cut out by x, where y is an abelian 
totally odd character of E. In 1996 Rubin [23] gave an extension of the conjectures of 
Stark, attempting to understand the values 0) when the order of vanishing r may 

be greater than one. In na, the authors proved the conjecture of Gross when E is a real 
quadratic held and y is a narrow ring class character. Recently, Ventullo m proposed 
an unconditional proof of the Gross-Stark conjecture in rank one. 

Less is known about L'/L evaluated also at the point s = 1, through these values are 
known to be fundamental in studying the distribution of primes since Dirichlet in 1837. 

In this paper, we show that the values \L'/L{1, y)| behave according to a distribution 
law. Let us state this result formally. 

Theorem 1. There exists a unique probability measure qt such that every continuous 
function f, we have 


1 


E / 

X modq 

x¥=xo 



+ 00 


q^+OQ 


f{t) dqi{t), 


( 1 ) 


where J^xmodq denotes the summation over all the primitive characters y mod q. Here 
the variable q ranges the odd primes. 


We deduce the existence of p by the general solution to the Stieltjes moment problem 
and the unicity by the criterion of Garleman. 

This is an existence (and unicity) result, but getting an actual description of p is a 
tantalizing problem. As we noted before, it is likely to have a geometrical or arithmeti¬ 
cal interpretation, on which our approach gives no information. Here is a plot of the 
distribution function 


Dqit) 


# S X 7^ Xo mod q 




( 2 ) 


for q = 59,101 and 257. 


The key to this result is to give an asymptotic formula of the 2fc-th power mean 


E 

Xmodq 

x¥^xo 




2k 


(3) 


Under the generalized Riemann hypothesis ( and later in [TB] unconditionally), Ihara and 
Matsumoto [13] gave a stronger result related to the value-distributions of {E/L{s,x)}x 
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D_q(t) 



Figure 1: The distribution function Dg{t). 


— q = 59 

— q = 101 

— q = 257 


and of {CVC('S + where x runs over Dirichlet characters with prime conductors and 

r runs over M. 

A similar study on L{l,x) has been partially achieved; when A; = 1 by Walum [32] • 
The former based on the Fourier series to evaluate for y ranges the odd 

characters modulo a prime number. In 1989, Zhang [31] obtained an exact formula for 
general integer q > 3. More recently, Louboutin na gave an exact formula for the twisted 
moments. His result generalizes previous works. For general fc, Zhang and Weiqiong [33] 
gave an exact calculating formula for the 2fc-th power mean of L-functions with k > 3. 


Here is our result. 


Theorem 2. Let e > 0 and let x be a primitive Dirichlet character modulo prime q. For 
k is an arbitrary non-negative integer, we have 


E 

XLnodq 

XT^XO 



(9-2) E 


m>l 


x; A(mi) ■ ■ ■ A(mfc) 

m=mi-m2-"Tnk 


+ a 


where A is the Von Mangoldt’s function. 

The error term is not effective as we use the full force of Siegel’s theorem on exceptional 
zeros. 

We use an analytical method that is already used in m in contrast with the previous 
works that used essentially only elementary and combinatorial arguments. We introduce 
many simplihcations in their intricate combinatorial argument, which is why we can handle 
the case of general k. 

This result is strong in two aspects: it is valid for general k and we save a power of q 
( we did not try to optimize this saving). The method of proof relies in particular on a 
suitable average density estimate for the zeros of Dirichlet L-functions. Let us note that 
this approach does not work for "^(1 + it, x) when f 7 ^ 0 . 
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We also computed 


E 

m>l 


E A(mi)A(m2) 

m=mi-m2 

m? 


= 0.80508 ■ ■ ■ , 


and 


E 

m>l 


( E A(mi) ■ ■ ■ A(m4)) 


= 1.242 ■ ■ ■ 




Here are some consequences of our main Theorem. 
Corollary 1. There exists a > 0 and c > 0 such that 


1 


lim inf 

9 q-2 


# S X 7^ Ao niod q ; 


L' . 


< a > < 1 — c. 


To do so, it is enough to note that jj, ^ 5 q where (5o is the measure of Dirac at 0 ( 
compare the moments). Thus, there exists a compact interval I = [a, 6 ] such that /i(/) is 
positive. It follows that 


1 


^i{[a,h]) =lminf 


# S X 7^ Ao mod q ; 


L' 


(1,X) 


e [a, 6] [ > 0. 


This completes the proof. 


Since we can control all the moments, we have an estimation for the size of the tail of 
our distribution. 

Corollary 2. Fort > 1. ITe have 


lim inf- 

9 q-2 


# S X 7^ Xo mod q ; 




> t e 


-v4/2 


We do not know whether this bound can be improved upon. 


2 Notation 

We use the following notation. 

• Usually s = a + it, but for a zero of L-function we use p. 

• If T > 1 is a real number, N{T, y, a) denotes the number of zeros p of the function 
L{s,x) in the region |Ap| < T, iR.p > a. We define, for a primitive character y 
modulo q : 

NiT, y, a) = # {p = /3 + fq; jy] < T and f3 > a, L{p, y) = 0} 

k k 

• The notation m and n mean that fl m* and H respectively. 

i=l i=l 

• Let q{m ■ n) be the largest divisor of q that is prime to m- n. 
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3 Auxiliary lemmas 

Lemma 1. Let m and n he two positive integers. We have 


E E x{m)x{n) 

f\q xmod* f 


ip{q{mn)) 

0 


when m = n [q{mn)] 
otherwise, 


where x ranges the primitive characters mod f and (p is the Euler’s function. 

Proof. See [22], section 4.3. □ 

Lemma 2. Let M be an upper hound for the holomorphic function F in |s — so| < R. 
Assume we know of a lower bound m > 0, for |F(so)|. Then 

F'js) _ ^ 1 ^ ( ^os{M/m) \ 

\p-sii^<R/2^-p V R ) 


for every s such that |s — so| < i?/4 and where the summation variable p ranges the zeros 
p of F in the region \p — sqI < -R/2 , repeated according to multiplicity. 

Proof. See [12], Lemma 3.2 and na. See also 1301 , section 3.9 [Lemma a]. □ 

Lemma 3. There is a constant c such that, for any non-principal character x rnodulo q, 
we have 

^(s,x) < Log(g|t|) 

provided that 

3?s > 1- ^ —, \t\ < q 

Logq 

except for at most one of them, which we call exceptional, and for which we have 


in the above region. 

Lemma 4. We have, when a > 4/5 and for any e > t), 

f\q X^od* f 

where x ranges the primitive characters mod f. 

Proof. A proof of this Lemma can be found in [T3]. □ 

Our main theorems will follow from the following two lemmas under the hypothesis q 
is prime, otherwise, the combination will be complicated . 
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Lemma 5. Let mi, rii and k be the positive integers for i G {1, 2, • • ■ , /c} and let q be a 
prime number. Then, we have 


TiQiui-n)) 


n A{mi)A{ni 


mi,"* ,mfc,ni,*"nfc>l 
m=n mod [^(m-yi)] 


m • n 


(9-2)1: 


E A(mi)--'A(mt) 

m=mi*m2***m/i. 


m>l 




+ O. 


where ip is the Euler’s function. 
Proof. We study this summation 


Fqi^)= p{q{m-n)) 


n A{mi)A{ni) 


Thiip-- ,?Tifc,ni,"*nfc>l 

m=n mod \q(m-n)] 


m • n 


(4) 


We split the domain dehned by the condition m = n mod [q{rn ■ n)] in fourth parts. 


The hrst case is when {q,m-n) = 1 and m^n. It follows that q{m ■ n) = q, and 
thus m = n mod [q]. We get the contribution 


Ag{x) = piqim- 


mi,*" ,mfc,ni,***nfc>l 
m=n mod [g] 
m^n 


i=l 


-.,—m-nlX 


m • n 


= T{q) Y. 


m,n>l 




Y A{mi) ■ ■ ■ A{mk) Y A(ni) ■ ■ ■ A(nfc) 


m.=n mod [q] \ rn= m; 

\ i=l 


k 

tl=Y[ 


^-m-nlX 


m • n 


m^n 

By using the fact that 

A(mi) ■ ■ ■ A(mfc) A(ni) ■ ■ ■ A(nfc)-C^ 

k k 

m= Y[mi n 


) 


we get 


Aq{X) p{q) 


^—m-njX 




'..I l I IV 

rn,n>l — — 

m=n mod [q] 
m<n 

p-Tn-nlX p—m{m-\-kq)/X 

n=7n+kq 

k>l 
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Therefore, we have 


A^{X) «, 


(5) 


The second case is when {q,rn-n) = 1 and m = n, it follows that g(m) = q. We get 
the contribution 

k ^—m-nlX 

Bq{X) = ^{q{m-n))YlA{mi)A{ni) -. 

((y,722;*n)=l, m=n 

Let us write the function Bq{X) as follows 

B,(X) = B;(A') + B\(X), 

where 

k ^—rri^jX 

= E ^{,q{,rn))\{^{.rni)A{ni) , 


(g,m*n)=l, m=n 
m<Xl /2 


2=1 


and 


BliX)= ^iqiin))l[A{mi)A{ni)- 


mi,*" ,mfc,ni,*"nfc>l 
(q',m*n)=l, m=n 
m>Xl /2 


2 = 1 




^—m?‘lX 




(A) For the function B^JX). Since m > it follows that e < 1. Thus, 


we get 


BliX) « ^{g) •£ 


mi,*" ,mfc,ni,***nfc>l 
(g,m*n)=l, m=n 
ra>X^I'^ 


n A{mi)A{ni 
2 = 1 

w? 


Using again the fact that H A{mi)A{ni) <Ce rrA ■ rf -Cg . We have 

2=1 


Bj(.Y) « 


q 

" XI-"' 


( 6 ) 


(B) For the function B^{X). Since is small enough, we can rely on the 
approximation 




X 


which gives us 

BUX) = <p(g) 


E 


mi,*** ,mfc,ni,***nfc>l 
(g,m*n)=l, m=n 


n A{mi)A{ni 
2 = 1 

w? 


O 


^{q) 

X 




rtj 


mi,*** ,mfc,ni,***nfc>l 2=1 

(g,22l*2l)=l5 m=n 
m<X^/^ 
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By a similar argument as above, we get 


B'AX) = ^( 9 ) 


i: 


n A(mi)A(ni) 


2 = 1 


Tfl^ 

(g,m-n)=li m=n 
m<Xl/2 


+ 0 . 


({S) 


Thus, we have 

Bl(X) = (9 - 2) 


E 

mi,--- ,mfc,ni,---r2fc>l 
(g,m-n)=l, m=n 


n A(mi)A(ni 


2 = 1 


+ 0 , 


f 9 






From Eq (|^ and Q , we find that 


B,{X) = (9 - 2) 


n A(m,)A(n, 

2=1 


mi, 


- ,mfc,r 2 i,-’ 


-r 2 fc>l 
(g,m-? 2 ;)=l 5 Tn=n 




+ a 


g 

Xi-£ 


The third case is when {q,m-n) 7 ^ 1 and m^n. It follows that q{m ■ n) 
thus (p {q{m- n)) = 1. We get the contribution 


C,{X) = 


Y, ip{q{m-n))^^ - ^-rn-n/x 


mi,-- 

q\m-n, mj^n 


m ■ n 




,-l/X 


^'>l £=m-n 2=1 
q\£ 


We notice that 


Thus, we have 


E n A{mi)A{ni) <£ 

£=m-n 2=1 


c,(A')«. y 


£>q 

q\e 


,-l/X 

TWT' 


Since gif', we write I = qu. Then 


Cq{X) «, 


1 




l — £ 


Y 

U>1 


^-qujX 




e-<?/x 


(7) 


( 8 ) 

1 and 


(9) 
















The fourth case is when {q,m-n) 7 ^ 1 and m = n. It follows that q{rn) = 1. We get 
the contribution 


Dq{x) = q^{q{m-n))Y[H^i)Hni 


mi,”- ,mfc,ni,-”nfc>l 
g|m, m=n 


i=l 


^—m-nlX 


m • n 




g|m, m=n 


^—rn? IX 




It follows that 


/ 


D,(X) = Y. 

m,n>l 


\ 


glm, m=n 
p-m 

«= i::3r;7 = Ii 


Y A(mi) ■ ■ ■ A(mfc) ^ A(ni) ■ ■ ■ A(nfc) 

k k 

n n 


^-n?/X 




-m?IX _ p-{qu)'^IX ^-q^jX 


™>i m 2 (i-A (gn) 2 (i-A ^ g 2 (i-£)' 


q\m 

Therefore, we have 




^-eix 

^ g2(l-£) • 


( 10 ) 


From Eq (|^, (|^, (|^ and (10), we conclude that 

k 

n A(m,)A(n,) 

f,(A) = (,- 2 ) X: isi- 5 - 

mi,-” ,mfc,ni,-"n;c>l — 

(g,m-2l)=l) m=n 


+ O. (^ 


This completes the proof. □ 

Lemma 6. For any integer number k > 1, we have 

Y A(mi) ■ ■ ■ A(mfc) < (logm)^ (11) 

mi-m2"-mfc=m 

Proof. We prove this lemma by induction on k. For A; = 1 is easily. In order to show that 
Eq ( |IT| is valid for k = 2, we write 

Y. A(mi)A(m 2 ) < logm Y, A(m 2 ) < (logm)^ 

m\m2=m mim2=m 

Now, we assume that Eq ( pT| is valid for any hxed and non-negative integer k — 1. Then 
we have to prove that it is also valid for k. By induction hypothesis, we have 

Y A(mi) ■ ■ ■ A(mfc) = Y A(mi) Y A(m2) ■ ■ ■ A(mfc) 

mi-m2”-mfc=m min=m m2-m^---mfc=n 

< Y A(mi) log^“^ n < (logm)^ 

min=m 

We conclude from the above that Eq ( pT| is valid for k. Then it is valid for all k > 1. 
The lemma is proved. □ 
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4 Proof of Theorem |2l 

For q is prime, we consider the function 


Xmodq V / \ -^ / 

Xt^XO 

where x ranges the non-principle primitive characters modulo q. When 3fJs > 1, the series 
converges absolutely. Applying the following dehnition of L' jL 


V 

T 


(sw) 


E 

n>l 


x{n)K{n) 


we write the function Gq{s) as 


Gq{,s) 


E E 

X modq mi---mk>l 

x¥=xo 


k 


k 


n A{mi)x{mi) n A{ni)x{ni) 
2=1 2=1 


n mni 

,i=l J 


s 


The proof relies on two distinct evaluations of the quantity: 

2+200 

+ (E = 2 / G,(s)X^-+(s-l)ds. (12) 

2 — 200 


1. The first evaluation relies on the formula e ^ ^ ^2-1^ V ^r(s)(is (valid for 

positive y) and on using Lemma We readily hnd that 


s,(x) = i: 

mi,”* ,mfc,ni,*" ,22fc>l 

m=n mod \q(m-n)] 


ip {q{m ■ +) 


n A(mi)A(ni) 


2=1 


^-m-niX 


m • n 


Thanks to Lemma we get 


E A(mi) ■ ■ ■ A(mfc) 

+ (X) = (g- 2 )E 


m>l 




+ a ( qe-^/^ + 


XI- 


(13) 


2. The second evaluation: On selecting a = 9/10, £ = 1/10 and T = g in Lemma|^ 
we see that at most 0{q^^^) characters modulo a divisor of q have a zero in the 
region 

|Ap| < g, > 9/10. 


We call the characters which are in this set bad characters and the other set, the 
one of good characters. Now, we shift the line of integration in Eq (12) to 


• 3?s = 9/10 and |As| < g when x belongs to the good set; 
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• 3fJs = 1 — c/\ogq and |55s| < q when x belongs to the bad set; Here c is the 
constant from Lemma [H 

Then, we have: 

(i) For the bad character, when JJs = 1 — c/log q and IQ's! < q. Lemmagives ns 
that 

L'/L{s,x) < logg. 


We have 

Thus 




< X 9 . 


1 — i —-—\-iQ 
logq ' ^ 


1— i —-—\-iQ 
log 9 ' ^ 


J |Gg(s)X"-^r(s-l)ds| < g=^/®(logg)2^X“i^ j |r(s-l)|ds 

i-i 

Q 

< g^/®(logg)^^X“i^ J 


- iq 

log q ^ 


1 -r^-iq 

log q ^ 


-Q 


logg 


+ it 


Recall that the formula of complex Stirling is given by 

r(^ + a) = ^ 

where a is a complex number hxed, | argz| < tt and \z\ > 1. Thanks to this 
formula, we deduce that 


logg 


+ it 


•C |t| 2 e 


and that 


1 — —-—\-iQ 

logg ' ^ 


J |G'g(s)X"-^r(s-l)ds| < g=^/^(logg)2^X“i^. (14) 


1-,-S- iq 

log q ^ 


(ii) Even for the exceptional one, we have: 

L'/L{s,x) <£ g^ 

when 3?s = 1 — c/g^ and IQ's! < 1. Then, we get 


gt 


Gg(s)X"-T(s-l)ds < q^'^^X 


2k£ V--^ 


9^ 


-1 

^2ke v--^ 


r- vit 

V y 


dt 


•Cg -iMog^g (15) 

(hi) For a good character, when 3?s = and IQ^sl < g. Lemma gives us that 

L'/L{s,x) < logg- 
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We have also 


X 


s-l 


< X- 10 . 


We deduce that 


us+n 


J |G'g(s)X"-ir(s-l)ds| < ip{q)X-^olog^’^q J |r(s-l)|ds 






< gX-^log^^g 


Applying again the formula of Stirling, we get 


r- it 

' 10 


dt 




Therefore, we have 




f |G,(s).Y‘-‘r(s - 1) ds| «; gX-w log“ q 


(16) 


fo-^l 


(vi) For all characters in the region 3fJs = 2 and |9s| > g, we hnd that 

J |Gg(s)X"-ir(s - 1) ds| < Xg log^^ g J |r(l + it) \dt^Xq log^^ g 


5Rs=2 

|S>s|>g 


t>q 


(17) 

Since g is a prime number. From Eq (14), (15), (16) and ( |17[ ), we obtain that 

(18) 


s,{x)= j: 


X modq 

x¥=xo 


j(l.x) 


2k 


+ C>(g3/'^X“i5lt +gX-i^) 


The hrst term on the right-hand side above comes from case s = 1. 


From Eq (13) and (18), we conclude that 


E 

X mod q 
XT^XO 


L' 


(lx) 


2k 


= («- 2 )i: 


m>l 


x; A(mi) ■ ■ ■ A(mfc) 

yra=m\---mk , 


+ a (^ge-'^/^ + + g3/5x-i^ gX'i^) 


For X = g^ ^ and £ > 0, we conclude that 


E 

X modq 
X+XQ 


L' 


(lx) 


2k 


= (4-2)1: 


E A(mi) ■ ■ ■ A(mr) 




m>l 




+ a (g9/i°+") 


This completes the proof. 
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5 Proof of Theorem [T1 


We recall that /Xg is defined by /ig ([0,t]) = Dg(t), where -Dg(t) is given by Eq ([^. Then, 
we have /ig is non-negative and /ig([0, cx)[) = 1. Setting 

OO 

ruk = mk{q) = J dnqit), 

0 


and 



mo 

mi 

m2 

mk 


mi 

m2 

mo 

■ ■ ■ mk+i 


mi 

m2 

mo 

TTlk-yl 


m2 

mo 

mi 

fnk+2 

Afc(g) = 

m2 

mo 

mi 

■ ■ ■ f^k+2 

, A*(g) = 

mo 

mi 

ms 

T^k+s 


mk 

rrik+i 

mk+2 

■ ■ ■ m2k 


mk+i 

fnk+2 


■ ■ ■ '^ 2 fc+l 


For q is fixed, we have Ak{q) and A^(g) are non-negative. Thus, when q goes to infinity, 
we get Afc(cx)) and A^(cxo) are non-negative for all k > 1. By the solution of the Stieltjes 
moment problem, we deduce that fi exists. 

In order to complete our proof, it remains to show that unique. Define 


Mk 


E 

m>l 


E A(mi) ■ ■ ■ A(mfc) 


m=mi-m2-"mj^ 




(19) 


Using Lemma we get 

Now, we notice that 
(logm)^^ 


Mk< 


m>2^ 


(logm)^^ 
m? 


E 

m>2'= 




< 


< 


(logf)^*^ ^ (loge^)^^ 




o2k 


r u^^e-^du+ (^] <r(2A; + l)+ ={ 2 k)\+(^ 

jfeiog 2 \e J \e) \e 


2k 


Then, we have 


Therefore, we get 


2k 


Mt<{2ky. + i- 


( 20 ) 


1 / 1 \ 2fe 

E^»E 

k>l k>l 




k>i 


It follows that the condition of Carleman is checked and thus the function /i is unique. 
This completes the proof. 
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6 Proof of Corollary 


We note that 


q-2 


E 

Xmodq 

x¥=xo 




^2k f 

> - \x7^Xo -mod q ; 

q-2 I 




> t 


Then, we have 


q-2 


# S X ^ Xo mod q ; 




1 Mfc 

-^1 - 


where is given by Eq (19) and -C {2k)\ by the preceding proof. Thanks to the 
Stirling formula, we write 


q-2 

Taking k = a/^, we get 


# 1 X ^ Xo mod q ; 


j(Xx) 


'4k^ 


>U« — ^/4rf, 


liminf--# < y 7 ^ Xo mod q ; 

9 q-2 I 




> w <C e 


-Vt/2 


This completes the proof. 


7 Scripts 

We present here an easier GP script for computing the values |LYL(l,y)|. In this loop, 
we use the Pari package " ComputeL" written by Tim Dokchitser to compute values of L- 
functions and its derivative. This package is available on-line at 

WWW.maths.bris.ac.uk/~matyd/ 

On this base we write the next script. I am indebted to Olivier Ramare for helping me 
in writing it. We simply plot Figure ([^ via 


readC'computeL"); /* by Tim Dokchitser */ 
default(realprecision,28); 

{run(p=37)= 

local(results, prim, avec); 
prim = znprimroot(p); 
results = vector(p-2, i, 0); 
for(b = 1, p-2, 

avec = vector(p,k,0); 

for (k = 0, p-1, avec[lift(prim~k)+l]=exp(2*b*Pi*I*k/(p-l))); 

conductor = p; 

gammaV = [1]; 

weight = b7o2; 

sgn = X; 
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initLdataC'avec [k'/op+l] ", , "conj (avec [k'/oP+l])") ; 
sgneq = Vec(checkfeq()); 
sgn = -sgneq[2]/sgneq[1]; 
results[b] = abs(L(l,,1)/L(l)); 

Wprint (results [b]) ; 

); 

return(results); 

> 

{goodrun(borneinf, bornesup)= 

forprimeCp = borneinf, bornesup, 

print ("-") ; 

print("p = ",p); 

print(vecsort(run(p))));} 
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